
Section 7



Admin

• Office Hours: Wednesday 1-2PM!

• Homework 2 thoughts?

• Homework 3: March 2nd

• Course and Section Feedback?



Agenda

• Kernels (~35 min)
• Questions 1, 2, 3

• PyTorch Neural Network Edition (~15 min)
• Notebook



Kernels



Kernels – Motivation

• Suppose we had input data and wanted to 

classify with a linear classifier (SVM)

• Clearly not linearly separable!

• What’s the solution?



Kernels – Motivation

• Using a Kernel (polynomial):



Kernels – Motivation

• Using a Kernel (polynomial):



Kernels – Math

• Definition: Let Φ:ℝk → ℝd, then a function 𝐾:ℝd × ℝd → ℝ is a kernel for Φ if 𝐾 𝑥, 𝑥′ = 𝜙 𝑥 ⋅
𝜙(𝑥′) for all 𝑥, 𝑥′.
• Can be thought of as a similarity metric for objects 𝑥, 𝑥′.



Kernels – Math

• Definition: Let Φ:ℝk → ℝd, then a function 𝐾:ℝd × ℝd → ℝ is a kernel for Φ if 𝐾 𝑥, 𝑥′ = 𝜙 𝑥 ⋅
𝜙(𝑥′) for all 𝑥, 𝑥′.
• Can be thought of as a similarity metric for objects 𝑥, 𝑥′.

We’ve justified why high dimensional 

data is important, but why is a kernel 

helpful?



Kernels – Math Intuition

Given dataset 𝑥 = 1, 2, 3 , 𝑦 = 3, 4, 5 , and 𝜙: 𝑧 → 𝑧 × 𝑧, lets try and 

calculate ⟨Φ 𝑥 ,Φ 𝑦 ⟩.



Kernels – Math Intuition

Given dataset 𝑥 = 1, 2, 3 , 𝑦 = 3, 4, 5 , and 𝜙: 𝑧 → 𝑧 × 𝑧, lets try and 

calculate ⟨Φ 𝑥 ,Φ 𝑦 ⟩. Note that 𝐾 𝑥, 𝑦 = 𝑥, 𝑦 2.
Method 1:

Φ 𝑧 = 𝑧1𝑧1, 𝑧1𝑧2, 𝑧1𝑧3, 𝑧2𝑧1, 𝑧2𝑧2, 𝑧2𝑧3, 𝑧3𝑧1, 𝑧3𝑧2, 𝑧3𝑧3
Φ 𝑥 = ⟨1,2,3,2,4,6,3,6,9⟩
Φ 𝑧 = 16,20,24,20,25,30,24,30,36
Φ x ,Φ y = 16 + 40 + 72 + 40 + 100 + 180 + 72 + 180 + 324 = 1024

Method 2:

𝐾 𝑥, 𝑦 = 𝑥, 𝑦 2 = 4 + 10 + 18 2 = 1024

Which was easier?



Kernels – Kernelized Regression (1)



Kernels – Kernelized Regression (1a)



Kernels – Kernelized Regression (1a)



Kernels – Kernelized Regression (1b)



Kernels – Kernelized Regression (1b)



Kernels – Kernelized Regression (1c)



Kernels – Kernelized Regression (1c)



Kernels – Proving                              (2)

Why is this something we need to show?
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Why is this something we need to show?



Kernels – Proving                              (2a)
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Kernels – Proving                              (2b)



Kernels – Proving                              (2b)



Kernels – Proving                              (2c)



Kernels – Proving                              (2c)



Kernels – Kernel Proofs (3a)



Kernels – Kernel Proofs (3a)



Kernels – Kernel Proofs (3b)



Kernels – Kernel Proofs (3b)



PyTorch Neural Network Edition



Neural Networks – What is a Neuron?

• Basic unit of a neural network

• Takes an input, does some math, creates a single output 



Neural Networks – What is a Layer?

• A collection of neurons that return a collection of outputs



Neural Networks – Types of Layers

• Fully-Connected

• Convolutional

• Attention

• … and many more!



Neural Networks – What is activation?

• A function to apply to the output of the layer

• Has important geometric results that we will discuss in class



Neural Networks – How do we train?

• An algorithm called backpropagation! More in class.


